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POSITIVE MIYADERA–VOIGT PERTURBATIONS OF BI-CONTINUOUS
SEMIGROUPS
CHRISTIAN BUDDE
Abstract. We discuss positive Miyadera–Voigt type perturbations for bi-continuous semi-
groups on AL-spaces with an additional locally convex topology generated by additive semi-
norms. Our main example is the space of bounded Borel measures.
Introduction
Various models of physical processes ask for positive solutions in order to have a reasonable
interpretation, e.g., consider solutions containing the absolute temperature or a density. The
maximum principle for elliptic and parabolic partial differential equations guarantees positive
solutions under positive initial data. This demonstrates the importance of positivity in the theory
of operator semigroups on Banach spaces, which in fact appear as solutions of a special class
of PDE’s, the so called evolution equations which in turn can be rewritten as abstract Cauchy
problems on a Banach space. The fundamental concepts in this context such as vector lattices,
Banach lattices and positive operators are studied in detail for example in [32] and [29]. Positive
operator semigroups are treated for example by Arendt et al. [3] and more recently by Bátkai,
Kramar-Fijavž and Rhandi [6]. Perturbations of C0-semigroup are discussed by several authors
for example Engel and Nagel [16, Chapter III, Sect. 3], Voigt [37], Desch and Schappacher [14],
Bombieri [8] and Adler, Bombieri and Engel in [1].
Markov processes associated to stochastic differential equations or jointly continuous flows on
metric spaces give rise to semigroups which are in general not strongly continuous with respect to
the norm of the Banach space the semigroup is working on, cf. [27, Sect. 2.5] and [24, Sect. 3.2],
but they enjoy strong continuity with respect to a weaker additional locally convex topology on
the Banach space. The theory of bi-continuous semigroups was introduced by Kühnemund [24]
and was further studied by Farkas [18]. In this setting there are perturbation results by Farkas
[20, 19] and recentely by Budde and Farkas [10]. Positivity in this context makes an appearance
in [17].
This paper is inspired by an article by Voigt [38], where positive operator semigroups and per-
turbations are combined and the following perturbation result for positive C0-semigroups was
proved.
Theorem. [38, Thm. 0.1] Let E be an AL-space, and let A be the generator of a positive C0-
semigroup on E. Let B : D(A) → E be a positive operator, and assume that A + B is resolvent
positive. Then A+B is the generator of a positive C0-semigroup.
Quite a number of other positive perturbation results for strongly continuous semigroups and
their applications are handled by Arlotti and Banasiak [5]. In this paper we consider positive
perturbations of bi-continuous semigroups in the style of Voigt’s work. In particular, we use the
Miyadera–Voigt perturbation theorem for bi-continuous semigroups proved by Farkas [18].
The paper is organized as follows: in Section 1 we recall the Miyadera–Voigt perturbation theorem
for bi-continuous semigroups and state Theorem 1.18 as our main result, whose proof is contained
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in Section 2. In the last section we discuss rank-one perturbations and bi-continuous semigroups
on the space M(Ω) of bounded Borel measures in connection with differentiable measures. We
remark that this paper is based on the authors’s PhD thesis [9, Chapter 5].
1. Preliminaries
1.1. Bi-Continuous Semigroups. The class of bi-continuous semigroups was introduced by
Kühnemund in [25]. Given a Banach space X , The idea is to add a locally convex topology τ on
satisfying the following technical assumptions.
Assumption 1.1. Consider a triple (X, ‖ · ‖, τ), where X is a Banach space, and
1. τ is a locally convex Hausdorff topology coarser than the norm-topology on X , i.e. the identity
map (X, ‖ · ‖)→ (X, τ) is continuous;
2. τ is sequentially complete on the ‖·‖-closed unit ball;
3. The dual space of (X, τ) is norming for X , i.e.,
(1.1) ‖x‖ = sup
ϕ∈(X,τ)′
‖ϕ‖≤1
|ϕ(x)|, x ∈ X.
Notice that every locally convex topology τ yields a family of continuous seminorms P and vice
versa, cf. [31, Chapter II, Sect. 4] or [30, Thm. 1.36 & 1.37]. In particular, if we want to make
explicit calculations within the framework of locally convex topologies, we use the corresponding
seminorms.
Remark 1.2. Since a locally convex topology, generated by a family of seminorms P, does not
change if we add another continuous seminorm to P, we can assume that P also contains all
finite positive linear combinations of their seminorms, see also [12, Prop. 7.1.4]. More observations
on Assumptions 1.1 and the relations to Saks spaces can be found in [11, Rem. 5.2].
Now we give the definition of a bi-continuous semigroup.
Definition 1.3 (Kühnemund [25]). LetX be a Banach space with norm ‖·‖ together with a locally
convex topology τ such that the conditions in Assumption 1.1 are satisfied. We call (T (t))t≥0 a
bi-continuous semigroup if
1. T (t+ s) = T (t)T (s) and T (0) = I for all s, t ≥ 0,
2. (T (t))t≥0 is strongly τ -continuous, i.e. the map ϕx : [0,∞)→ (X, τ) defined by ϕx(t) = T (t)x
is continuous for every x ∈ X ,
3. (T (t))t≥0 has type (M,ω) for some M ≥ 1 and ω ∈ R, i.e., ‖T (t)‖ ≤Meωt for all t ≥ 0,
4. (T (t))t≥0 is locally-bi-equicontinuous, i.e., if (xn)n∈N is a norm-bounded sequence in X which
is τ -convergent to 0, then also (T (s)xn)n∈N is τ -convergent to 0 uniformly for s ∈ [0, t0] for
each fixed t0 ≥ 0.
Significant examples in this context are evolution semigroups on Cb(R, X) [33], Koopman semi-
groups [26],[15, Chapter 4], semigroups induced by flows [24, Sect. 3.2], adjoint semigroups [24,
Sect. 3.5] and the Ornstein–Uhlenbeck semigroup on Cb(R
d) [18, Sect. 2.3],[20],[22], to mention a
few.
As in the case of C0-semigroups, we can define the generator of a bi-continuous semigroup.
Definition 1.4. Let (T (t))t≥0 be a bi-continuous semigroup on X . The generator A is defined
by
Ax := τ lim
t→0
T (t)x− x
t
with the domain
D(A) :=
{
x ∈ X : τ lim
t→0
T (t)x− x
t
exists and sup
t∈(0,1]
‖T (t)x− x‖
t
<∞
}
.
This generator has a number of important properties which are summarized in the following
theorem (see [25], [19]):
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Theorem 1.5. Let (T (t))t≥0 be a bi-continuous semigroup with generator A. Then the following
hold:
(a) The operator A is bi-closed, i.e., whenever xn
τ→ x and Axn τ→ y and both sequences are
norm-bounded, then x ∈ D(A) and Ax = y.
(b) The domain D(A) is bi-dense in X, i.e., for each x ∈ X there exists a norm-bounded sequence
(xn)n∈N in D(A) such that xn
τ→ x.
(c) For x ∈ D(A) we have T (t)x ∈ D(A) and T (t)Ax = AT (t)x for all t ≥ 0.
(d) For t > 0 and x ∈ X one has∫ t
0
T (s)x ds ∈ D(A) and A
∫ t
0
T (s)x ds = T (t)x− x.(1.2)
(e) For λ > ω one has λ ∈ ρ(A) (thus A is closed) and:
R(λ,A)x =
∫ ∞
0
e−λsT (s)x ds, x ∈ X(1.3)
where the integral is a τ-improper integral.
According to Theorem 1.5(b) we make the following additional definition, coming from [18], which
will be of importance later.
Definition 1.6. For η > 1, we call a subset D ⊆ X η-bi-dense in X for τ if for all x ∈ X there
exists a sequence (xn)n∈N in D which converges to x with respect to τ and furthermore,
‖xn‖ ≤ η ‖x‖ , for n ∈ N.(ηD)
From [19, Prop. 1.7] we recall that if (A,D(A)) is a generator of a bi-continuous semigroup
(T (t))t≥0, then A is automatically η-bi-dense for some η > 1. We also need the following no-
tion.
Definition 1.7. A bounded operator B ∈ L (X) is called local if for each ε > 0 and each p ∈ P
there exist a constant K > 0 and q ∈ P such that
p(Bx) ≤ Kq(x) + ε ‖x‖ , x ∈ X.
Definition 1.8. A bounded function F : [0, t0]→ L (X) is called local if for all p ∈ P and ε > 0
there exists K > 0 and q ∈ P such that for all t ∈ [0, t0] and x ∈ X
p(F (t)x) ≤ Kq(x) + ε ‖x‖ .
Remark 1.9. (a) It was shown in [18],[20],[19] that for (A,D(A)) the generator of a bi-continuous
semigroup and b ≥ a ≥ ω the resolvent family {R(λ,A) : λ ∈ [a, b]} is local.
(b) Every bi-continuous semigroup (T (t))t≥0 on Cb(Ω), for Ω a Polish space, the set
{T (t) : t ∈ [0, t0]} is local for each t0 > 0.
(c) Let (T (t))t≥0 be a bi-continuous semigroup on Cb(Ω). Moreover, if K ⊆ M(Ω) is a norm-
bounded and weak∗-compact subset of the space of bounded Borel measures, then the set
{T ′(t)ν : ν ∈ K } is tight/local. As example one can take K = M1(Ω) if Ω is compact, cf.
[21].
1.2. Adjoints of bi-continuous semigroups. We recall some essential results on adjoint of bi-
continuous semigroups from [21], since we need these later on in Section 3.2. Let X be a Banach
space and let τ be a locally convex topology satisfying Assumption 1.1. Furthermore let (T (t))t≥0
be a bi-continuous semigroup on X with respect to τ . As in the case of adjoints of strongly
continuous semigroups, where one consideres the sun dual X⊙ in order to have again a strongly
continuous semigroup, cf. [36, Sect. 1.3] or [16, Chapter II, Sect. 2.6], we now examine the subspace
X◦ of the dual space X ′ consisting of all norm-bounded linear functionals which are τ -sequentially
continuous on norm-bounded sets of X . As a matter of fact X◦ is a closed linear subspace of X ′
and hence a Banach space if equipped with the inherited norm of X ′. Furthermore, X◦ can be
equipped with the topology τ◦ := σ(X◦, X). In order to show that τ◦ satisfies Assumption 1.1,
we have to postulate that X◦ ∩ B(0, 1) is sequentially complete with respect to σ(X◦, X). We
remark that this assumption in general does not follow from the general Assumptions 1.1.
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Proposition 1.10. [21, Prop. 2.3] Let B ∈ L (X) be a norm-bounded linear operator which is τ-
sequentially continuous on norm-bounded sets. Then the adjoint B′ ∈ L (X ′) leaves X◦ invariant.
From the previous result we conclude that we can restrict (T ′(t))t≥0 to the space X◦. We denote
this restricted semigroup by (T ◦(t))t≥0. To conclude that (T ◦(t))t≥0 is bi-continuous on X◦ with
respect to τ◦ we again have to impose a additional hypothesis. Especially we have to assume that
every norm-bounded τ◦-null sequence (ϕn)n∈N in X◦ is τ -equicontinuous on norm bounded sets.
Let us continue with some examples. Actually, we consider semigroups (T (t))t≥0 on the Banach
spaceX := Cb(Ω), where Ω is a Polish space, which are bi-continuous with respect to the compact-
open topology τco. In [21, Sect. 3] Farkas illustrated that Cb(Ω)
◦ coincides with M(Ω), the space
of bounded Borel measures. The following results connect bi-continuous semigroups on Cb(Ω)
with these on M(Ω).
Theorem 1.11. [21, Thm. 3.5] Let Ω be a Polish space and (T (t))t≥0 bi-continuous on Cb(R)
with respect to τco. Then the semigroup (T
◦(t))t≥0 defined as T ◦(t) := T ′(t)|M(Ω), t ≥ 0, is a
bi-continuous semigroup on M(Ω) with respect to τ◦.
Counter-intuitively the converse of the previous theorem also holds true.
Theorem 1.12. [21, Thm. 3.6] Let Ω be a Polish space. Let (S(t))t≥0 be a bi-continuous semigroup
on M(Ω) with respect to τ◦. Then there exists a semigroup (T (t))t≥0 on Cb(R) which is bi-
continuous with respect to τco and such that T
◦(t) = S(t) for all t ≥ 0
The following result yields a characterization for the generator of adjoints of bi-continuous semi-
groups by means of adjoints of unbounded operators. It is strongly related to [16, Chapter I,
Sect. 2.5] and [36, Thm. 1.2.3]. The proof of Lemma 1.13 is essential the same and so we omit it
here.
Lemma 1.13. Let (T (t))t≥0 be bi-continuous on X with respect to τ and assume that the addi-
tional hypotheses on X◦ and τ◦ from above hold. Let us denote the generator of (T ◦(t))t≥0 by
(A◦,D(A◦)). Then
D(A◦) = {x′ ∈ X◦ : ∃y′ ∈ X◦ ∀x ∈ D(A) : 〈Ax, x′〉 = 〈x, y′〉} , A◦x′ = y′.
1.3. Positivity and Bi-AL-spaces. In [19] Farkas considered bounded and in [20] Miyadera–
Voigt perturbation of bi-continuous semigroups, and more recently, Budde and Farkas also studied
Desch–Schappacher type perturbations, see [10]. In this paper we take positivity of Miyadera–
Voigt perturbations into account as Voigt in [38] did for strongly continuous operator semigroups
on Banach spaces. In [4] Arendt and Rhandi characterize positive perturbations by multiplication
operators and apply this to elliptic Schrödinger operator. We recall the following definitions in
order to set up the theory.
Definition 1.14. A vector lattice or Riesz space is a vector space V equipped with a partial order
≤ such that for each x, y, z ∈ V :
(a) x ≤ y ⇒ x+ z ≤ y + z.
(b) x ≤ y ⇒ αx ≤ αy for all scalars α ≥ 0.
(c) For any pair x, y ∈ V there exists a supremum, denoted by x ∨ y, and a infimum, denoted by
x ∧ y, in V with respect to the partial order ≤.
An element x ∈ V is called positive if x ≥ 0. The set of all positive elements of V is denoted by
V+. Furthermore, the absolute value of an element x ∈ V is defined by |x| := x ∧ (−x).
Definition 1.15. A Banach lattice is a Banach space (X, ‖·‖) which is a Riesz space with an
partial order such that for all x, y ∈ X : |x| ≤ |y| ⇒ ‖x‖ ≤ ‖y‖.
Let X be a Banach lattice and T ∈ L (X). Then T is called positive, denoted by T ≥ 0, if Tx ≥ 0
for each x ∈ X+. A semigroup of bounded linear operators (T (t))t≥0 on such a Banach lattice is
called positive if T (t) ≥ 0 for each t ≥ 0. In connection with unbounded operators, the following
definition which was suggested by Arendt [2].
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Definition 1.16. A linear operator (A,D(A)) on a Banach lattice X is called resolvent positive
if there exists ω ∈ R such that (ω,∞) ⊆ ρ(A) and such that R(λ,A) ≥ 0 for each λ > ω.
In the theorem of Voigt mentioned in the introduction the concept of so-called AL-spaces is
significant. These spaces satisfy a special kind of norm property, cf. [32, Chapter II, Sect. 8].
As we have to take care of an additional locally convex topology in the setting of bi-continuous
semigroups, we introduce the following related notion.
Definition 1.17. Let (X, ‖·‖ ,≤) be a Banach lattice with ordering and locally convex topology
τ generated by a family P of seminorms which satisfies the Assumptions 1.1. We say that X is
a bi-AL space if it is a AL-space, i.e., for all x, y ∈ X+ the equality
‖x+ y‖ = ‖x‖+ ‖y‖
holds, and there exists P+ ⊆ P such that P+ still generates the locally convex topology τ and
for all x, y ∈ X+
p(x+ y) = p(x) + p(y)
for each p ∈ P+.
In Section 3.2 we will consider an explicit example of a space which satisfies the properties of
Definition 1.17. Locally convex spaces satisfying such additivity conditions as in Definition 1.17
are also mentioned in [13] to discuss regular operators on vector lattices.
1.4. Positive perturbations. The main result of this paper is the following.
Theorem 1.18. Let (A,D(A)) be the generator of a positive, local bi-continuous semigroup
(T (t))t≥0 on a bi-AL space X with η-bi-dense domain D(A) for some η > 1. Let B : D(A)→ X be
a positive operator, i.e., Bx ≥ 0 for each x ∈ D(A) ∩X+, and assume that BR(λ,A) is local and
(A+B,D(A)) is resolvent positive. Then (A+B,D(A)) is the generator of a positive bi-continuous
semigroup.
As compared with [38, Thm. 0.1] we need some additional technical assumptions in Theorem
1.18 due to the Miyadera–Voigt perturbation theorem for bi-continuous semigroups, which we will
recall here.
Theorem 1.19. [18, Thm. 3.2.3] Let (T (t))t≥0 be a bi-continuous semigroup on X with respect
to τ with generator (A,D(A)). Suppose that D(A) is η-bi-dense in X0 and that B : (D(A), τA)→
(X0, τ) is continuous on ‖·‖A-bounded sets. Suppose that there exists t0 > 0 and 0 < K < 1η such
that
(i) The map s 7→ ‖BT (s)x‖ is bounded on [0, t0] and for each x ∈ D(A).
(ii)
∫ t
0
‖BT (s)x‖ ds < K ‖x‖ for each t ∈ [0, t0] and x ∈ D(A).
(iii) For all ε > 0 and p ∈ P there exists q ∈ P and M > 0 such that∫ t0
0
p(BT (s)x) ds < Mq(x) + ε ‖x‖ ,
for each x ∈ D(A).
Then (A+ B,D(A + B)) generates a bi-continuous semigroup (S(t))t≥0. Furthermore, the semi-
group (S(t))t≥0 satisfies the variation of parameter formula
T (t)x = S(t)x +
∫ t
0
T (t− s)BS(s)x ds, x ∈ D(A).
Remark 1.20. (a) If (T (t))t≥0 is a bi-continuous semigroup generated by (A,D(A)), then one
can deduce from [5, Lemma 4.15] the following equivalence for λ ∈ R:
∃M ∈ (0, 1) ∀t ∈ [0, t0] ∀x ∈ D(A) :
∫ t
0
‖BT (s)x‖ ds ≤M ‖x‖
⇐⇒ ∃M ′ ∈ (0, 1) ∀t ∈ [0, t0] ∀x ∈ D(A) :
∫ t
0
∥∥e−λsBT (s)x∥∥ ds ≤M ′ ‖x‖
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(b) One also easily proves the following equivalence:
∀ε > 0 ∀p ∈ P ∃K ≥ 0 ∃q ∈ P ∀x ∈ D(A) :
∫ t0
0
p(BT (s)x) ds ≤ Kq(x) + ε ‖x‖
⇐⇒ ∀ε > 0 ∀p ∈ P ∃K ′ ≥ 0 ∃q′ ∈ P ∀x ∈ D(A) :
∫ t0
0
p(e−λsBT (s)x) ds ≤ K ′q′(x) + ε ‖x‖
2. The Proof
Recall from [16, Chapter II, Def. 1.12] that the spectral bound s(A) of an linear operator is defined
by
s(A) := sup {Re(λ) : λ ∈ σ(A)} ,
where σ(A) denotes the spectrum of the operator (A,D(A)). In order to proof Theorem 1.18 we
need the following lemma.
Lemma 2.1. Let η > 1 and let (A,D(A)) be the η-bi-densely defined generator of a positive
local bi-continuous semigroup (T (t))t≥0 on a bi-AL space X. Let M := supt∈[0,1] ‖T (t)‖ < ∞
and let B : D(A) → X be a positive operator such that there exists λ > s(A) such that the
operator BR(λ,A) is local and ‖BR(λ,A)‖ < 12M < 1. Then A+B is the generator of a positive
bi-continuous semigroup.
Proof. We start by establishing property (ii) in Theorem 1.19. By Remark 1.20(a) it suffices that
we have the following estimate for each x ∈ D(A)+∫ t
0
∥∥Be−λsT (s)x∥∥ ds =
∥∥∥∥
∫ t
0
Be−λsT (s)x ds
∥∥∥∥
=
∥∥∥∥B
∫ t
0
e−λsT (s)x ds
∥∥∥∥
≤ ‖BR(λ,A)x‖
<
1
2M
‖x‖ ,
where the first equality is justified by the AL-property of the space and the fact that if x ∈ D(A)+
then it is element of the space of strong continuity (which in fact coincides with X0 := D(A)
‖·‖
).
The second equality follows by the fact that the operator B is a continuous map from (D(A), τA) to
(X, τ) which is A-bounded by [5, Lemma 4.1], i.e., there exists a, b ≥ 0 such that ‖Bx‖ ≤ a ‖Ax‖+
b ‖x‖ for each x ∈ D(A). The first inequality follows by the Laplace transform representation of
the resolvent R(λ,A). As a consequence we conclude that property (ii) of Theorem 1.19 holds.
Now let ε > 0 and p ∈ P+ be arbitrary. Then∫ t0
0
p
(
e−λsBT (s)x
)
ds = p
(∫ t0
0
e−λsBT (s)x ds
)
= p
(
B
∫ t0
0
e−λsT (s)x ds
)
≤ p (BR(λ,A)x) ≤ Kq(x) + ε ‖x‖ .
Here the first step follows by the properties of the bi-AL space. The second one follows by the
same argument as before and the last inequality follows by the assumption of localness of the
operator BR(λ,A). Hence property (iii) is fullfilled. Moreover also (i) holds since (B,D(B)) is
A-bounded by [5, Lemma 4.1].
Keep in mind that we showed that the properties (i)− (iii) of Theorem 1.19 hold for x ∈ D(A)+.
We have to show that they hold true for each x ∈ D(A). In the first place we start showing that
the norm condition (ii) of Theorem 1.19 holds from each x ∈ D(A). For this purpose, let x ∈ D(A)
and find x+, x− ∈ X+ such that x = x+ − x−. Especially, take x+ := x ∨ 0 and x− := −(x ∧ 0)
and observe that x+ + x− = |x|. For n ∈ N define
xn,± := n
∫ 1
n
0
T (t)x± dt ∈ D(A),
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and notice that xn,±
τ→ x± in X and xn,+ − xn,− τA→ x. The sequences (xn,+)n∈N and (xn,−)n∈N,
and hence also (xn,+ − xn,−)n∈N, are norm-bounded, i.e.,
‖xn,±‖ =
∥∥∥∥∥n
∫ 1
n
0
T (t)x± dt
∥∥∥∥∥ ≤ n
∫ 1
n
0
‖T (t)x±‖ dt ≤ L ‖x±‖ ,
where L := sup
t∈[0, 1n ] ‖T (t)‖ <∞. Hence we obtain∫ t
0
∥∥e−λsBT (s)(xn,+ − xn,−)∥∥ ds < 1
2M
(‖xn,+‖+ ‖xn,−‖) = 1
2M
‖x‖ .(2.1)
We have to show that the integrand converges to
∥∥e−λsBT (s)x∥∥ in order to conclude the desired
estimate. Observe that for each ϕ ∈ (X, τ)′
ϕ
(∫ t
0
e−λsBT (s)x ds
)
=
∫ t
0
ϕ
(
e−λsBT (s)x
)
ds
=
∫ t
0
τ lim
n→∞
ϕ
(
e−λsBT (s)(xn,+ − xn,−)
)
ds
≤ τ lim inf
n→∞
∫ t
0
∥∥e−λsBT (s)(xn,+ − xn,−)∥∥ ds = 1
2M
‖x‖
Due to the norming property of the local convex topology (cf. Assumption 1.1) and the AL-
property we obtain by taking the supremum over all ϕ ∈ (X, τ)′ with ‖ϕ‖ ≤ 1 the following
inequality ∫ t
0
∥∥e−λsBT (s)x∥∥ ds = 1
2M
‖x‖ .
To show the third requirement of Theorem 1.19 is valid, let ε > 0 and p ∈ P+ be arbitrary and
observe that there exists K > 0 and q ∈ P such that for each n ∈ N
∫ t0
0
p(e−λsBT (s)(xn,+ − xn,−)) ds ≤
∫ t0
0
p(e−λsBT (s)xn,+) ds+
∫ t0
0
p(e−λsBT (s)xn,−) ds
≤ K (q(xn,+) + q(xn,−)) + ε (‖xn,+‖+ ‖xn,i‖)
≤ K (q(xn,+) + q(xn,−)) + 2Lε ‖x‖
Since by construction xn,+ → x+ and xn,− → x− we conclude that q(xn,+) + q(xn,−)→ q (|x|) =
q(x). The left-hand side also converges. To see this define for a fixed λ > s(A) a sequence (yn)n∈N
in X for n ∈ N by
yn := (λ−A)(xn,+ − xn,−),
and set
y := τ lim
n→∞ yn = (λ−A)x.
Then by localness on the operator BR(λ,A) and the semigroup (T (t))t≥0 we find K > 0 and
q, q′ ∈ P such that ∣∣p(e−λsBR(λ,A)T (s)yn)− p(e−λsBR(λ,A)T (s)y)∣∣
≤p(e−λsBR(λ,A)T (s)yn − e−λsBR(λ,A)T (s)y)
≤e−λsp(BR(λ,A)T (s)(yn − y))
≤e−λs (Kq(T (s)(yn − y)) + ε ‖T (s)(yn − y)‖)
≤K ′q(T (s)(yn − y)) + e(ω−λ)sε ‖yn − y‖
≤K ′′q′(yn − y) + ε(K ′ + e(ω−λ)s) ‖yn − y‖
≤K ′′q′(yn − y) + εM(K ′ + e(ω−λ)s),
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whereK ′ := Ke−λs andK ′′ > 0 is a product of K ′ and a constant coming from the localness of the
semigroup (T (t))t≥0. Moreover,M ≥ 0 is a constant arising from the exponential boundedness of
the semigroup. Since yn
τ→ y and ε > 0 was arbitrary we see that the convergence of the integrand
is uniform in s. Thus the integral converges and we are done. 
The main work for proving Theorem 1.18 is included in the previous Lemma 2.1. Now we are able
to accomplish the proof of our main theorem which runs in fact parallel to the original proof of
[38, Thm. 0.1].
Proof of Theorem 1.18. By [38, Thm. 1.1] there exists a λ ∈ ρ(A+B) such that r(BR(λ,A)) <
1. Moreover
R(λ,A) ≤ R(λ,A)
∞∑
n=0
(BR(λ,A))n = R(λ,A +B).
Now, by taking sB instead of B for s ∈ [0, 1] we obtain by the above
R(λ,A) ≤ R(λ,A + sB) ≤ R(λ,A+B).
Since B is positive and Ran(R(λ,A + B)) = D(A), we conclude that BR(λ,A + B) ∈ L (X).
Therefore, also 2ηBR(λ,A+B) ∈ L (X) and there exists n ∈ N such that
‖2ηBR(λ,A +B)‖ < n.
Hence ∥∥∥∥ 1nBR(λ,A+ sB)
∥∥∥∥ < 12η ,
for each s ∈ [0, 1]. In particular, one has∥∥∥∥ 1nBR
(
λ,A+
j
n
B
)∥∥∥∥ < 12η ,
for 0 ≤ j ≤ n − 1. Now we apply Lemma 2.1 for the perturbation 1
n
B repeatedly for A,A +
1
n
B, . . . , A+ n−1
n
B and obtain the generation by A+B in the last step. 
3. Examples
3.1. Rank-one perturbations. As a first example we consider rank-one perturbations as they
are treated for C0-semigroups by Arendt in Rhandi [4, Thm. 2.2]. Let (T (t))t≥0 be a positive bi-
continuous semigroup on X with respect to τ with generator (A,D(A)).Let P be the directed fam-
ily of seminorms corresponding to τ and let τA be the locally convex topology on D(A) determined
by the family of seminorms PA := {p(·) + q(A·) : p, q ∈ P}. For a positive τA-continuous linear
functional ϕ : D(A) → R and for y ≥ 0 in X we define the rank-one perturbation B : D(A) → X
by
Bx := ϕ(x)y, x ∈ D(A).
The operator (B,D(A)) satisfies the assumptions of Theorem 1.18, and hence it is a Miyadera–
Voigt perturbation. To see this let ε′ > 0 and p ∈ P be arbitrary and observe that
p (BR(λ,A)x) = p (ϕ (R(λ,A)x) y) = |ϕ (R(λ,A)x)| p(y), x ∈ X.
Since ϕ is τA-continuous we conclude that there exists M > 0 and p
′, q′ ∈ P such that
|ϕ(R(λ,A)x)| ≤M (p′(R(λ,A)x) + q′(x)) , x ∈ X.
By [18, Lemma 1.2.23] and Remark 1.9 the operator R(λ,A), λ ∈ ρ(A), is local, i.e., for each
ε′ > 0 there exists K ′ > 0 and q′′ ∈ P such that
p′(R(λ,A)x) ≤ K ′q′′(x) + ε′ ‖x‖ , x ∈ X.
With K ′′ := p(y)MK ′ this leads to the following inequality
p(BR(λ,A)x) ≤ K ′′
(
q′′(x) +
1
M
q′(x)
)
+ ε ‖x‖ , x ∈ X.
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where ε =Mp(y)ε′. We conclude from Remark 1.2 that q′′+ 1
M
q′ ∈ P, showing that BR(λ,A) is
local. Since (A,D(A)) is a Hille–Yosida operator one gets
‖BR(λ,A)x‖ ≤ |ϕ(R(λ,A)x| · ‖y‖ ≤ ‖ϕ‖ ‖R(λ,A)x‖ ‖y‖ ≤ ‖ϕ‖ M|λ− ω| ‖x‖ ‖y‖ .
Since all constants are fixed from the beginning our expression becomes smaller than 1 by chosing
λ > ω large enough, this shows that rank-one perturbations fit in our setting, i.e., A+B generates
a bi-continuous semigroup by an application of Theorem 1.18. Observe that the argumentation
can be extended to finite rank operators.
3.2. Gauss–Weierstrass semigroup on M(R). Now we discuss a second example, i.e., we con-
sider the space M(Ω) of bounded Borel measures on Ω, where Ω is a Polish space. First of all
we show that M(Ω) satisfies the conditions of Definition 1.17, i.e., we show that the space M(Ω)
of bounded Borel measures is a bi-AL-space with respect to an appropiate locally convex topol-
ogy. As already mentioned in Section 1.2 every bi-continuous semigroup on Cb(Ω) with respect
to the compact-open topology τco gives rise to a bi-continuous semigroup on M(Ω) with respect
to τ = σ(M(Ω),Cb(Ω)) and vice versa. So the locally convex topology on M(Ω) is given by the
weak∗-topology generated by the family of seminorms given by
P := {pf : f ∈ Cb(R)} ,
where
pf (µ) :=
∣∣∣∣
∫
Ω
f dµ
∣∣∣∣ , µ ∈M(Ω).
The norm on M(Ω) is the total variation norm, which turns the space into a Banach space.
Moreover, the norm satisfies the first condition of Definition 1.17, i.e., ‖µ+ ν‖M(Ω) = ‖µ‖M(Ω) +
‖ν‖M(Ω). What is more, even the second condition of the additivity of the seminorms is fullfilled.
In fact, let
P+ := {pf : f ∈ Cb(Ω), f ≥ 0} ,
and let τ+ denote the locally convex topology generated by P+. We first observe that for each
p = pf ∈ P+ one has for µ, ν ≥ 0
pf (µ) + pf(ν) =
∣∣∣∣
∫
Ω
f dµ
∣∣∣∣+
∣∣∣∣
∫
Ω
f dν
∣∣∣∣
=
∫
Ω
f dµ+
∫
Ω
f dν
=
∫
Ω
f d(µ+ ν)
=
∣∣∣∣
∫
Ω
f d(µ+ ν)
∣∣∣∣
= pf (µ+ ν).
We claim that τ = τ+.
Lemma 3.1. The family P+ generates the topology τ , i.e., for a net (µα)α∈Λ in M(Ω) and
µ ∈M(Ω):
µα
τ→ µ ⇐⇒ µα τ+→ µ
Proof. Suppose that ∫
Ω
f dµα →
∫
Ω
f dµ,(3.1)
for each f ∈ Cb(Ω), then obviously (3.1) also holds for every positive f ∈ Cb(Ω). For the other
implication notice that for arbitrary f ∈ Cb(Ω) one can decompose f into a positive and negative
part, i.e., there exist positive f+, f− ∈ Cb(Ω) such that
f = f+ − f−.
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Then ∫
Ω
f+ dµα →
∫
Ω
f+ dµ,
and ∫
Ω
f− dµα →
∫
Ω
f− dµ.
Since ∫
Ω
f dµα =
∫
Ω
f+ dµα −
∫
Ω
f− dµα,
we observe that ∫
Ω
f dµα →
∫
Ω
f+ dµ−
∫
Ω
f− dµ,
and hence we are done. 
We now consider the special case Ω = R, i.e., we consider the space M(R) of bounded Borel
measures on R with respect to the Borel σ-algebra B(R). Notice that since we consider bounded
Borel measures on the separable metric space R every µ ∈M(R) is also a Radon measure.
We first recall the definition of the (centered) Gaussian measure γt, t > 0, on R defined by
γt(C) =
1√
2pit
∫
C
e−
|x|2
2t dλ1, C ∈ B(R),
where λ1 denotes the Lebesgue measure on R. This measure γt, t > 0, is a strictly positive
bounded Borel measure and in particular a Radon measure. As a matter of fact, γt, t > 0, is
absolutely continuous with respect to the Lebesgue measure with density ϕt given by
ϕt(x) =
1√
2pit
e−
|x|2
2t .
Next we recall the convolution of measures. For µ, ν ∈M(R) one defines the convolution of µ and
ν by
(µ ∗ ν)(Ω) =
∫
R
∫
R
1Ω(x+ y) dµ(x) dν(y) =
∫
R
ν(Ω− x) dµ(x).
Remark 3.2. If one of the measures µ, ν ∈M(R) has some density with respect to the Lebesgue
measure, say ν = g ·λ1 for some non-negative, integrable function relative to the Lebesgue measure,
as it is the case for γt, then by an application of Tonelli’s theorem and the translation invariance
of the Lebesgue measure, the convolution has density g ∗ µ defined by
(g ∗ µ)(x) =
∫
R
g(x− y) dµ(y).
Now we define a family of operators (T (t))t≥0 on M(R) by T (0)µ = µ and
T (t)µ = γt ∗ µ, t > 0.(3.2)
Since γt ≥ 0 for each t > 0 we conclude that the family (T (t))t≥0 consists of positive operators
on M(R). The next result shows that (T (t))t≥0 is in fact a bi-continuous semigroup on M(R)
equipped with the total variation norm and the topology σ(M(R),Cb(Ω)). For that recall that
the so-called Gauss–Weierstrass semigroup on Cb(R), here denoted by (T∗(t))t≥0, is defined by
T (0)f := f and
T∗(t)f := ϕt ∗ f, t > 0.
As a matter of fact, (T∗(t))t≥0 is a bi-continuous semigroup on Cb(R) with respect to the compact-
opem topology, cf. [18, Sect. 2.4]. We now relate our semigroup (T (t))t≥0 to (T∗(t))t≥0.
Theorem 3.3. The semigroup (T (t))t≥0 is the adjoint of the Gauss–Weierstrass semigroup (T∗(t))t≥0
on Cb(R).
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Proof. We observe that by Remark 3.2 for f ∈ Cb(R) with f ≥ 0 and µ ∈ M(R) the following
holds.
〈f, T (t)µ〉 =
∣∣∣∣
∫
R
f(x) d(T (t)µ)(x)
∣∣∣∣
=
∣∣∣∣
∫
R
f(x) d(γt ∗ µ)(x)
∣∣∣∣
=
∣∣∣∣
∫
R
f(x) d((ϕt · λ1) ∗ µ)(x)
∣∣∣∣
=
∣∣∣∣
∫
R
f(x) d((ϕt ∗ µ) · λ1)(x)
∣∣∣∣
=
∣∣∣∣
∫
R
f(x)(ϕt ∗ µ)(x) dλ1(x)
∣∣∣∣
=
∣∣∣∣
∫
R
f(x)
∫
R
ϕt(x− y) dµ(y) dλ1(x)
∣∣∣∣
=
∣∣∣∣
∫
R
(f ∗ ϕt)(y) dµ(y)
∣∣∣∣
=
∣∣∣∣
∫
R
T∗(t)f(y) dµ(y)
∣∣∣∣
= 〈T∗(t)f, µ〉 .
Here 〈·, ·〉 denotes the pairing between Cb(R) and M(R). This proves the assertion. 
Remark 3.4. (a) The notation (T∗(t))t≥0 is intuitive since (T∗(t))t≥0 is the preadjoint of (T (t))t≥0.
(b) Since (T∗(t))t≥0 is known to be bi-continuous on Cb(R) with respect to the compact-open
topology we conclude by Theorem 1.11 that (T (t))t≥0 on M(R) is bi-continuous with respect
to σ(M(R),Cb(Ω)).
(c) Recall that the generator (A∗,D(A∗)) of the Gauss–Weierstrass semigroup on Cb(R) is given
by (∆,C2b(R)) where ∆ denotes the Laplacian and C
2
b(R) the space of twice continuous dif-
ferentiable functions with bounded derivatives, cf. [27] or [28]
(d) We also notice that C+ ⊆ ρ(A∗), where C+ denotes the right-half plane, i.e., all complex
numbers with positive real part.
The next step is to determine the generator (A,D(A)) of (T (t))t≥0. To do so we have to consider
differentiable measures. The original study of such measures is due to Fomin [23] and Skorohod
[34], [35, Chapter 4, Sect. 21]. For more details, we refer to the work of Bogachev [7], where
differentiable measures are the main subject.
Definition 3.5. A Borel measure µ ∈ M(R) is called Skorohod differentiable or S-differentiable
if, for every function f ∈ Cb(R), the function
t 7→
∫
R
f(x− t) dµ(x),
is differentiable.
The following theorem [7, Thm. 3.6.1] shows that the previous definition is equivalent to the
existence of a Borel measure ν, called the Skorohod derivative of µ, such that for each bounded
continuous function on R one has
lim
t→0
∫
R
f(x− t)− f(x)
t
dµ(x) =
∫
R
f(x) dν(x).(3.3)
Theorem 3.6. Let µ be a Skorohod differentiable Borel measure on R. Then there exists a
Borel measure ν which is its Skorohod derivative, i.e., ν satisfies (3.3) for all bounded continuous
functions f on R.
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Remark 3.7. (a) The Skorohod derivative ν of µ as it appears in (3.3) and Theorem 3.6 is
denoted by Dµ, i.e., ν = Dµ.
(b) By [7, Prop. 3.4.1] one has that for a bounded Borel measure µ on R the measure µ is Skorohod
differentiable if and only if it has density of bounded variation, in particular every Skorohod
differentiable measure on R admits a bounded density. In that case the density of the Skorohod
derivative is just the (distributional) derivative of the original density.
(c) For higher order derivatives we recall from [7, Prop. 3.7.1] that if the map t 7→ ∫
R
f(x− t) dµ(x)
is n-times differentiable, then µ is n-times Skorohod differentiable, i.e., for all f ∈ Cb(R) the
function
(t1, . . . , tn) 7→
∫
R
f(x+ t1 + · · ·+ tn) dµ(x),
has partial derivatives ∂t1 · · · ∂tn .
(d) µ is Skorohod differentiable with Skorohod derivative Dµ if and only if for each f ∈ C∞b (R)∫
R
d
dx
f(x) dµ(x) = −
∫
R
f(x) d(Dµ)(x),
in particular one concludes that Skorohod differentiability of a measure µ is equivalent to that
its derivative in the sense of distributions is a bounded measure, cf. [7, Prop. 3.4.3].
Now we prove the following result.
Theorem 3.8. The generator (A,D(A)) of (T (t))t≥0 is given by
Aµ := ∆µ, D(A) := {µ ∈ M(R) : µ is twice Skorohod differentiable } ,
where ∆µ denotes the second order Skorohod derivative of µ introduced in Remark 3.7(c).
Proof. Let us denote the generator of our semigroup (T (t))t≥0 by (C,D(C)). By Lemma 1.13 and
Remark 3.4 we conclude that the domain of the generator is of the following form
D(C) =
{
µ ∈ M(R) : ∃ν ∈M(R) ∀f ∈ C2b(R) : 〈f, ν〉 = 〈∆f, µ〉
}
.
Now let µ ∈ M(R) be twice Skorohod differentiable and denote its second derivative by ν := ∆µ.
For f ∈ C2b(R) one has
〈∆f, µ〉 =
∫
R
∆f dµ =
∫
R
f dν = 〈f, ν〉 ,
showing that D(A) ⊆ D(C), cf. Lemma 1.13. For the converse let µ ∈ D(C), i.e., there exists
ν ∈ M(R) such that for each f ∈ C2b(R) holds that
〈f, ν〉 = 〈∆f, µ〉 =
〈
lim
t→0
T∗(t)f − f
t
, µ
〉
=
〈
f, lim
t→0
T (t)µ− µ
t
〉
.
From this we conclude that σ(M(R),Cb(Ω)) − limt→0 T (t)µ−µt exists. Combining this with [7,
Thm. 3.6.4] we obtain that µ ∈ D(A). This finishes the proof. 
Remark 3.9. In Remark 3.4 we observed that C+ ⊆ ρ(A) and since σ(A∗) = σ(A) by [16,
Chapter II, Sect. 2.5], we also obtain that C+ ⊆ ρ(A), especially λ ∈ ρ(A) for λ > 0. Moreover
we observe that (T (t))t≥0 is a bounded semigroup and hence we also conclude that C+ ⊆ ρ(A).
Now fix a positive, Lebesgue integrable (and unbounded) function ψ : R → R and define B :
D(A)→ M(R) by
Bµ := ψ · µ, µ ∈ D(A).
Observe that indeed Bµ ∈ M(R) by an application of Remark 3.7. To show that the operator B
satisfies the conditions of Theorem 1.18 let λ ∈ ρ(A), especially we can choose λ ∈ R with λ > 0
and observe that by the duality between Cb(R) and M(R)
pf (BR(λ,A)µ) = |〈f,BR(λ,A)µ〉| = |〈fψ,R(λ,A)µ〉| = |〈R(λ,A∗)(fψ), µ〉|
for all f ∈ Cb(R) and µ ∈ D(A). Moreover, by an application of Fubini’s theorem and an explicit
calculation of an integral one obtains
|R(λ,A∗)(fψ)(x)| =
∣∣∣∣
∫ ∞
0
∫
R
e−λtϕ(x− y)f(y)ψ(y) dy dt
∣∣∣∣
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=
∣∣∣∣
∫
R
∫ ∞
0
e−λtϕ(x− y)f(y)ψ(y) dt dy
∣∣∣∣
=
∣∣∣∣
∫
R
1√
2λ
e−
√
2λ|x−y|f(y)ψ(y) dy
∣∣∣∣
= |(ξλ ∗ fψ)(x)| ,
where ξλ(x) :=
1√
2λ
e−
√
2λ|x| is continuous and hence the convolution ξλ ∗ (fψ) is continuous.
Furthermore, by Young’s convolution inequality and the assumption that ψ is integrable we obtain
‖ξλ ∗ fψ‖∞ ≤ ‖ξλ‖∞ ‖fψ‖1 ≤ ‖ξλ‖∞ ‖f‖∞ ‖ψ‖1 <∞
hence h := ξλ ∗fψ ∈ Cb(R) and pf(BR(λ,A)µ) = ph(µ). By using that M(R) is the dual of Cb(R)
we obtain the following norm estimate
‖BR(λ,A)µ‖ = sup
f∈Cb(R)
‖f‖∞≤1
|〈f,BR(λ,A)µ〉| = sup
f∈Cb(R)
‖f‖∞≤1
|〈R(λ,A∗)fψ, µ〉| ≤ sup
f∈Cb(R)
‖f‖∞≤1
‖R(λ,A∗)fψ‖∞ ‖µ‖.
Moreover,
|R(λ,A∗)(fψ)(x)| =
∣∣∣∣
∫ ∞
0
e−λtT∗(t)f(x)ψ(x) dt
∣∣∣∣
=
∣∣∣∣
∫ ∞
0
e−λt
∫
R
ϕt(x − y)f(y)ψ(y) dydt
∣∣∣∣
≤ ‖f‖∞
∫ ∞
0
e−λt(ϕ ∗ ψ)(x) dt
≤ ‖f‖∞ ‖ψ‖1
∫ ∞
0
e−λt ‖ϕt‖∞ dt
= ‖f‖∞ ‖ψ‖1
∫ ∞
0
e−λt√
2pit
dt
=
‖f‖∞ ‖ψ‖1√
2λ
Hence, for λ big enough we obtain ‖R(λ,A∗)fψ‖ < 1 and hence ‖BR(λ,A)‖ < 1. Now we can
apply Theorem 1.18 and conclude that A + B generates a positive bi-continuous semigroup on
M(R).
Remark 3.10. Suppose that f ∈ Lp(R) is unbounded. Observe that there exists g ∈ L1(R) and
h ∈ L∞(R) such that f = g+h. In particular, we consider the operator B : D(A)→ M(R) defined
by Bµ := f · µ as above. Since the case for f ∈ L1(R) is treated before and f ∈ L∞(R) gives rise
to a bounded perturbation we conclude that we can extend our previous result to the whole scale
of Lp-spaces.
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